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We investigate spin-charge conversion phenomena in hybrid structures of topological insulator
(TI) thin films and magnetic insulators. We find an anisotropic inverse spin-galvanic effect (ISGE)
that yields a highly tunable spin-orbit torque (SOT). In the quasiballistic limit, we also predict
a giant anisotropic magnetoresistance (AMR). These effects originate from the interplay of the
hybridization between the surface states of the TI thin film and the in-plane magnetization. Both
the ISGE and AMR exhibit a strong dependence on the magnetization and the Fermi level position.
The revealed nonlinear SOT is controllable by varying the magnetization or the external gate voltage
and can be utilized for SOT-based applications at the nanoscale.
Introduction.— The discovery of new types of topo-
logical phases and topological insulators (TIs) [1–7] has
opened up a new line of fundamental research with
prospective applications in electronic and optical devices
[1, 2]. Spin-related phenomena are at the heart of TIs [8–
10] due to the spin-momentum locking property of their
surface states as gapless excitations protected by time-
reversal symmetry (TRS) [1, 2, 11]. With these proper-
ties, TIs can be used for conversion of pure spin excitation
as a carrier of information into an electric (charge) signal
or for electrical control of magnetization [12–25]. Indeed,
large spin-orbit torques (SOTs) and resulting magnetiza-
tion switching have been demonstrated for hybrid mag-
netic/TI structures [26–33]. Other experiments reported
the reciprocal effect of spin-electricity signal conversion
and spin-pumping with an exceptionally large efficiency
[34–37].
In this letter, we predict a new feature for thin TIs
attached to magnetic layers with in-plane magnetization:
When the thickness of the TI approaches a few quintuple
layers, the surface states at the two sides start hybridiz-
ing, and a bandgap opens in the surface state spectrum
even without perturbation that breaks the TRS [38–46].
The exchange coupling between the surface electrons and
magnetic moments in the adjacent ferromagnetic (FM)
layer further modifies the energy dispersion of the surface
states. In addition, we find that the interplay of the in-
plane magnetization and hybridization significantly influ-
ences the SOTs originating from the inverse spin-galvanic
effect (ISGE) [18, 47] and the anisotropic magnetoresis-
tance (AMR). This is surprising, as for nonhybridized
TI surfaces (e.g., for thicker films), the in-plane compo-
nents of magnetization can be gauged away. Only the
out-of-plane component of magnetization leads to TRS
breaking [48]. Thus, our new findings discussed in detail
FIG. 1. (Color online) (a) Schematic of a TI thin film struc-
ture on top of a magnetic substrate. The ISGE leads to
nonequilibrium spin densities perpendicular to the applied
electric field that have opposite directions on the two sur-
faces of the thin film. (b) Band dispersion of the thin film
assuming vFκ/∆ = 0.9. The band labeling is according to
the text in the form of a double index (ν, η).
below can be experimentally verified by simply rotating
the magnetization of the magnetic layer. Furthermore,
the current-induced spin densities exhibit, for a certain
range of chemical potential, substantial anisotropy when
the angle between the current and the magnetization
varies. The strong dependence of the spin densities on the
magnetization and the chemical potential yield a magne-
toelectrically controllable SOT with a nonlinear magne-
tization dependence, which can be utilized in TI-based
spintronic devices and SOT nano-oscillators [49, 50] and
even in the recently proposed neuromorphic computing
[51].
Model.— We consider a TI thin film of nanometer-
scale thickness, d, coupled to one or two adjacent FM
layers with magnetizations m±, as schematically shown
in Fig. 1. Assuming Dirac-like surface states at the
two sides with hybridization energy ∆, the effective low-
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2energy Hamiltonian of the system reads
H = vF τz ⊗ (zˆ × σ) · (p− τzκ) + ∆τx ⊗ σ0, (1)
where vF denotes the Fermi velocity of the surface states,
and the Pauli matrices σi and τi act in the spin and
layer subspaces, respectively. The layer-dependent mo-
mentum shift κ = (g/2vF )
∑
ζ mζ×zˆ originates from the
exchange coupling Hex = g
∑
ζ σ ·mζ(1+ζτz)/2 between
the TI surface states and the magnetization of the adja-
cent FM layers on top of and beneath the thin film (ζ = ±
represent the two sides of the surface states). In general,
a term describing the global momentum shift that arises
from exchange coupling κ0 = (g/2vF )
∑
ζ ζmζ × zˆ enters
the Hamiltonian. This term can be gauged away and is
not further discussed. A similar form of Hamiltonian (1)
has been considered for an in-plane external magnetic
field, B, applied to a TI thin film, leading to a momen-
tum shift of the form κB = (1/2)eBd × zˆ [43, 48]. The
formal similarity between this case and our Hamiltonian
can be traced back to the spin-momentum locking of TI
surface states.
Current-induced spin densities.— The ISGE or nonequi-
librium spin density driven by the charge current orig-
inates from spin-orbit coupling. In TI thin films, the
opposite helicities of the surface states at the two sides
imply that the current-induced spin densities induced
at the two surfaces also have opposite signs (δsneq,− =
−δsneq,+). Thus, in the linear response, the spin densi-
ties are related to the external electric field E as δsineq,ζ =
ζ(−e)∑j SijEj , in which S is a second-rank pseudoten-
sor defining the ISGE response function (i.e., spin sus-
ceptibility). According to the Strˇeda-Smrcˇka version of
the Kubo formula [52–54], the components of S have two
contributions related to the Fermi surface and the com-
pletely filled energy levels (Fermi sea):
SIij = <
∫
dεd2p
(2pi)3
∂εf(ε) Tr
[
sˆi,+Gˆ
R
ε vˆj(Gˆ
R
ε − GˆAε )
]
, (2)
SIIij = <
∫
dεd2p
(2pi)3
f(ε) Tr
[
sˆi,+Gˆ
R
ε vˆj∂εGˆ
R
ε
−sˆi,+∂εGˆRε vˆjGˆRε )
]
. (3)
Here, f(ε) is the Fermi-Dirac distribution function, and
GR,Aε denote the momentum-space retarded and ad-
vanced Green’s functions (the momentum p is dropped
fromGR,A(p) for brevity). Additionally, sˆζ = (τ0+ζτz)⊗
σ/2 and vˆ = vF τz⊗σ are the surface-dependent spin op-
erator and velocity operator, respectively. One can check
that by replacing si,+ in Eqs. (2) and (3) with si,−, both
functions SIij and SIIij also change sign, justifying the ap-
pearance of prefactor ζ in the linear response relation
for the spin densities. In addition, the lack of a nontriv-
ial topology of the band structure (which could induce
Berry-phase-attributed effects), which is a consequence
of the hybridization of the surface states, implies that
the contribution from the Fermi sea is negligible [55, 56],
and therefore, S = SI.
The noninteracting Green’s function for the clean sys-
tem defined by Hamiltonian (1) reads
GˆR,A0ω (p) =
1
ω ± i0+ − Hˆ =
∑
ν,η
Pˆν,η(p)
ω ± i0+ − εν,η(p) ,(4)
in which Pˆν,η(p) = |ψν,η(p)〉〈ψν,η(p)| is the pro-
jection operator to eigenstate |ψν,η(p)〉. As illus-
trated in Fig. 1(b), we have four energy bands
εν,η(p) = ν[v
2
F p
2
x + (vFκ+ η
√
v2F p
2
y + ∆
2)2]1/2, with in-
dices ν and η taking two values ±1. The projection op-
erators are the sum of the two terms [57]
Pˆ(even)ν,η (p) =
1
4
[τ0σ0 − ν cos θητ0σx
− η sech ξ (τxσx − ν cos θητxσ0)], (5)
Pˆ(odd)ν,η (p) =
ν
4
[sin θητzσy − η sech ξ sin θητyσz
− η tanh ξ (ντzσ0 − cos θητzσx + sin θητ0σy)], (6)
which are even and odd functions of the momen-
tum. Parameters ξ = arcsinh(vF py/∆) and θη =
arcsin[−vF px/ε+,η(p)] are used for brevity.
In the presence of disorder, we expect a level broad-
ening matrix Γˆω represented by the imaginary part of
the corresponding self-energy function Σˆω. Considering
short-range impurities with an effective constant poten-
tial V0 and a density nimp, the level broadening can be
expressed within the Born approximation (BA) as
Γˆω= =ΣBAω = nimpV 20
∫
d2p
(2pi~)2
=GˆR0ω(p),
= −γ
pi
∫
v2F d
2p
∑
ν,η
δ[ω − νεη(p)]<Pˆν,η(p), (7)
in which the dimensionless impurity scattering strength
is given by γ = nimpV
2
0 /(2~vF )2. By integration over
momentum, only even terms P(even)ν,η (p) do not van-
ish; therefore, one obtains the decomposed form Γˆω =∑
i,j=0,1 Γijτi⊗σj , following from Eq. (5). Interestingly,
due to their similar matrix structure, the terms Γ00, Γ01,
and Γ10 can be absorbed into ω, κ, and ∆ in the expres-
sions for the retarded Green’s function,
GˆRω (p) =
[
ω − Hˆ − iΓˆω
]−1
=
[
ω˜ − H˜ − iΓˆ′ω
]−1
, (8)
with the substitutions H˜[κ,∆] ≡ H[κ − iΓ01/vF ,∆ +
iΓ10], ω˜ = ω− iΓ00, and Γˆ′ω = Γ11τ1⊗σ1. The advanced
Green’s function follows from GˆAω = Gˆ
R ∗
ω .
Numerical Results and Discussion.— Combining the
result for GˆR,Aω (p), i.e., Eq. (8), with Eq. (2), taking the
zero temperature limit with ∂εf(ε) = −δ(ε) and numer-
ically performing the integration, one obtains the Fermi
level contribution to the spin-current response function,
3FIG. 2. (Color online) Energy dependence of the transverse
spin-current response functions (a) Sxy and (b) Syx at zero
temperature and for different magnetic momentum shifts κ.
Finite values of κ give rise to anisotropy in the spin-current
response, which becomes profound for vFκ ∼ ∆.
SIij . We immediately see that only off-diagonal terms Sxy
and Syx are nonvanishing, as expected from the chiral
form of the low-energy surface state spectrum. Intrigu-
ingly, from Fig. 2, one can see that the amplitudes of
the two components of the spin-current response func-
tion can be quite different, indicating an anisotropic na-
ture of the current-induced nonequilibrium spin density.
In fact, the anisotropy of the energy bands that orig-
inates from the magnetic momentum shift κ causes a
marked difference between Sxy and Syx. This difference
is particularly evident for the range of Fermi energies
|EF − ∆| < vF |κ|, that is, when only one band crosses
the Fermi energy. When the Fermi energy falls inside
the gap (EF < |∆ − vF |κ||), the induced spin densities
identically vanish. In contrast, for large energies, the
anisotropy becomes negligible, and the spin-current re-
sponses monotonically increase, approaching a constant
value S0 for EF  ∆, vF |κ|.
Another interesting implication of the nonzero mo-
mentum shift, κ, follows from the relation between the
off-diagonal spin-charge response functions and the di-
agonal components of the conductivity matrix, which
has already been shown for a single surface of a TI
[12, 13]; this implication also holds for coupled sur-
faces and can be written as Sxy = (~/2e2vF )σxx and
Syx = −(~/2e2vF )σyy. Therefore, anisotropic behavior
similar to that shown in Figs. 2 (a) and (b) is expected for
the magnetoconductivities. Figure 3 presents the varia-
tion in the AMR with the parameter κ (note that κ de-
fines the magnetization in energy units, vFκ = gm/2)
and the chemical potential. A giant AMR is achieved
for small chemical potentials compared to both the hy-
bridization and magnetic energy scales (EF  ∆, vF |κ|).
For a fixed chemical potential with respect to ∆, the
AMR is generally an ascending function of magnetiza-
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FIG. 3. (Color online) Variation in the AMR (the percentage
of the relative difference between the two components of the
longitudinal resistance) with the magnetization of the FM
layer for fixed values of the Fermi energy of the TI thin film.
tion. Additionally, the AMR vanishes inside the bandgap
and abruptly changes when the number of bands crossing
the Fermi level changes. As a result, both the gap width
and the splitting between bands of a TI thin film coupled
to an FM layer (or in the presence of a magnetic field)
can be determined by measuring the AMR. It should be
stressed that in Fig. 3, only positive chemical potentials
and magnetizations are shown, but due to the symmetry,
one can expect the same behavior when changing the sign
of each or both of them.
When the exchange coupling to the in-plane magneti-
zation is negligible (κ = 0), exact analytical results can
be found (cf. Supplementary materials). In the absence
of κ, the energy bands coincide and become doubly de-
generate, which in turn leads to a simple form of the
relaxation rate Γˆω = −γ |ω| (τ0 + τx∆/ω)⊗ σ0. This ex-
pression, despite the difference in the matrix structure,
is reminiscent of the impurity self-energy for an isolated
TI surface coupled to an FM system with nonvanishing
out-of-plane magnetization mz, which gives rise to gap
opening [12, 18]. Following the same strategy leading to
Eq. (8), the impurity self-energy can be absorbed into
the energy and the hybridization as ω˜ = ω[1∓ iγsgn(ω)]
and ∆˜ = ∆[1± iγsgn(ω)], which simplifies the impurity-
averaged Green’s functions GR,Aω (p). Inserting these re-
sults into Eq. (2), the integration can be performed an-
alytically, resulting in
Sxy = −Syx = 1
(2pi)2vF
[
1− ( 1
γ
+ γ)F(EF
∆
)
]
, (9)
F(x) = 1
2
x2 − 1
x2 + 1
Arg
[
(γ − i)2x2 − (γ + i)2] . (10)
Considering the physically relevant case of a small γ and
|EF | > ∆, we obtain Sxy ≈ S0(E2F − ∆2)/(E2F + ∆2),
with S0 = 1/8pivF γ.
Returning to the case of an FM layer coupled to both
surfaces of a thin film in which κ = (g/2vF )|
∑
ζ mζ |, one
can obtain the SOT exerted on the magnetization on each
side as τSOT,ζ = (g/~)mζ × δsneq,ζ . Hence, by choosing
4   1
0.75  
   0.5   
0.25 
      0   
-1            -0.5              0            
 0.5            1  
vF/ 
<latexit sha1_base64="9zvStC8PvuFv/69Fp6l+NNO8Aq8="> AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU01E0GNREY8V7Ac0IUy223bpZrPsbgol9J948aCIV/+JN/+N2zYHrT4YeLw3w8y8WHKmje d9OaWV1bX1jfJmZWt7Z3fP3T9o6TRThDZJylPViUFTzgRtGmY47UhFIYk5bcejm5nfHlOlWSoezUTSMIGBYH1GwFgpct1xdBeMQEo4 C24pNxC5Va/mzYH/Er8gVVSgEbmfQS8lWUKFIRy07vqeNGEOyjDC6bQSZJpKICMY0K6lAhKqw3x++RSfWKWH+6myJQyeqz8ncki0ni Sx7UzADPWyNxP/87qZ6V+FORMyM1SQxaJ+xrFJ8SwG3GOKEsMnlgBRzN6KyRAUEGPDqtgQ/OWX/5LWec33av7DRbV+XcRRRkfoGJ0i H12iOrpHDdREBI3RE3pBr07uPDtvzvuiteQUM4foF5yPbw1Yk0Q=</latexit><latexit sha1_base64="9zvStC8PvuFv/69Fp6l+NNO8Aq8="> AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU01E0GNREY8V7Ac0IUy223bpZrPsbgol9J948aCIV/+JN/+N2zYHrT4YeLw3w8y8WHKmje d9OaWV1bX1jfJmZWt7Z3fP3T9o6TRThDZJylPViUFTzgRtGmY47UhFIYk5bcejm5nfHlOlWSoezUTSMIGBYH1GwFgpct1xdBeMQEo4 C24pNxC5Va/mzYH/Er8gVVSgEbmfQS8lWUKFIRy07vqeNGEOyjDC6bQSZJpKICMY0K6lAhKqw3x++RSfWKWH+6myJQyeqz8ncki0ni Sx7UzADPWyNxP/87qZ6V+FORMyM1SQxaJ+xrFJ8SwG3GOKEsMnlgBRzN6KyRAUEGPDqtgQ/OWX/5LWec33av7DRbV+XcRRRkfoGJ0i H12iOrpHDdREBI3RE3pBr07uPDtvzvuiteQUM4foF5yPbw1Yk0Q=</latexit><latexit sha1_base64="9zvStC8PvuFv/69Fp6l+NNO8Aq8="> AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU01E0GNREY8V7Ac0IUy223bpZrPsbgol9J948aCIV/+JN/+N2zYHrT4YeLw3w8y8WHKmje d9OaWV1bX1jfJmZWt7Z3fP3T9o6TRThDZJylPViUFTzgRtGmY47UhFIYk5bcejm5nfHlOlWSoezUTSMIGBYH1GwFgpct1xdBeMQEo4 C24pNxC5Va/mzYH/Er8gVVSgEbmfQS8lWUKFIRy07vqeNGEOyjDC6bQSZJpKICMY0K6lAhKqw3x++RSfWKWH+6myJQyeqz8ncki0ni Sx7UzADPWyNxP/87qZ6V+FORMyM1SQxaJ+xrFJ8SwG3GOKEsMnlgBRzN6KyRAUEGPDqtgQ/OWX/5LWec33av7DRbV+XcRRRkfoGJ0i H12iOrpHDdREBI3RE3pBr07uPDtvzvuiteQUM4foF5yPbw1Yk0Q=</latexit><latexit sha1_base64="9zvStC8PvuFv/69Fp6l+NNO8Aq8="> AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU01E0GNREY8V7Ac0IUy223bpZrPsbgol9J948aCIV/+JN/+N2zYHrT4YeLw3w8y8WHKmje d9OaWV1bX1jfJmZWt7Z3fP3T9o6TRThDZJylPViUFTzgRtGmY47UhFIYk5bcejm5nfHlOlWSoezUTSMIGBYH1GwFgpct1xdBeMQEo4 C24pNxC5Va/mzYH/Er8gVVSgEbmfQS8lWUKFIRy07vqeNGEOyjDC6bQSZJpKICMY0K6lAhKqw3x++RSfWKWH+6myJQyeqz8ncki0ni Sx7UzADPWyNxP/87qZ6V+FORMyM1SQxaJ+xrFJ8SwG3GOKEsMnlgBRzN6KyRAUEGPDqtgQ/OWX/5LWec33av7DRbV+XcRRRkfoGJ0i H12iOrpHDdREBI3RE3pBr07uPDtvzvuiteQUM4foF5yPbw1Yk0Q=</latexit>
     2   
              1 
                       0   
⌧ S
O
T
/⌧
0
<latexit sha1_base64="HrlvOh1H4wVp29/5/Zy+G6hmRlc=">AAACAHicbVC7TsMwFL3hWcorwMDAYlEhMZUEIcFYwcJGEX1JTVQ5rtNatZPIdpCqKAu/wsIAQqx8Bht/g9tmgJYjXen4nHvle0+QcKa043xbS8srq2vrpY3y5tb2zq69t99ScSoJbZKYx7ITYEU5i2hTM81pJ5EUi4DTdjC6mfjtRyoVi6OGHifUF3gQsZARrI3Usw89jdNe5kmBHu4a+dns6eQ9u+JUnSnQInELUoEC9Z795fVjkgoaacKxUl3XSbSfYakZ4TQve6miCSYjPKBdQyMsqPKz6QE5OjFKH4WxNBVpNFV/T2RYKDUWgekUWA/VvDcR//O6qQ6v/IxFSappRGYfhSlHOkaTNFCfSUo0HxuCiWRmV0SGWGKiTWZlE4I7f/IiaZ1XXafq3l9UatdFHCU4gmM4BRcuoQa3UIcmEMjhGV7hzXqyXqx362PWumQVMwfwB9bnD1lFljs=</latexit><latexit sha1_base64="HrlvOh1H4wVp29/5/Zy+G6hmRlc=">AAACAHicbVC7TsMwFL3hWcorwMDAYlEhMZUEIcFYwcJGEX1JTVQ5rtNatZPIdpCqKAu/wsIAQqx8Bht/g9tmgJYjXen4nHvle0+QcKa043xbS8srq2vrpY3y5tb2zq69t99ScSoJbZKYx7ITYEU5i2hTM81pJ5EUi4DTdjC6mfjtRyoVi6OGHifUF3gQsZARrI3Usw89jdNe5kmBHu4a+dns6eQ9u+JUnSnQInELUoEC9Z795fVjkgoaacKxUl3XSbSfYakZ4TQve6miCSYjPKBdQyMsqPKz6QE5OjFKH4WxNBVpNFV/T2RYKDUWgekUWA/VvDcR//O6qQ6v/IxFSappRGYfhSlHOkaTNFCfSUo0HxuCiWRmV0SGWGKiTWZlE4I7f/IiaZ1XXafq3l9UatdFHCU4gmM4BRcuoQa3UIcmEMjhGV7hzXqyXqx362PWumQVMwfwB9bnD1lFljs=</latexit><latexit sha1_base64="HrlvOh1H4wVp29/5/Zy+G6hmRlc=">AAACAHicbVC7TsMwFL3hWcorwMDAYlEhMZUEIcFYwcJGEX1JTVQ5rtNatZPIdpCqKAu/wsIAQqx8Bht/g9tmgJYjXen4nHvle0+QcKa043xbS8srq2vrpY3y5tb2zq69t99ScSoJbZKYx7ITYEU5i2hTM81pJ5EUi4DTdjC6mfjtRyoVi6OGHifUF3gQsZARrI3Usw89jdNe5kmBHu4a+dns6eQ9u+JUnSnQInELUoEC9Z795fVjkgoaacKxUl3XSbSfYakZ4TQve6miCSYjPKBdQyMsqPKz6QE5OjFKH4WxNBVpNFV/T2RYKDUWgekUWA/VvDcR//O6qQ6v/IxFSappRGYfhSlHOkaTNFCfSUo0HxuCiWRmV0SGWGKiTWZlE4I7f/IiaZ1XXafq3l9UatdFHCU4gmM4BRcuoQa3UIcmEMjhGV7hzXqyXqx362PWumQVMwfwB9bnD1lFljs=</latexit><latexit sha1_base64="HrlvOh1H4wVp29/5/Zy+G6hmRlc=">AAACAHicbVC7TsMwFL3hWcorwMDAYlEhMZUEIcFYwcJGEX1JTVQ5rtNatZPIdpCqKAu/wsIAQqx8Bht/g9tmgJYjXen4nHvle0+QcKa043xbS8srq2vrpY3y5tb2zq69t99ScSoJbZKYx7ITYEU5i2hTM81pJ5EUi4DTdjC6mfjtRyoVi6OGHifUF3gQsZARrI3Usw89jdNe5kmBHu4a+dns6eQ9u+JUnSnQInELUoEC9Z795fVjkgoaacKxUl3XSbSfYakZ4TQve6miCSYjPKBdQyMsqPKz6QE5OjFKH4WxNBVpNFV/T2RYKDUWgekUWA/VvDcR//O6qQ6v/IxFSappRGYfhSlHOkaTNFCfSUo0HxuCiWRmV0SGWGKiTWZlE4I7f/IiaZ1XXafq3l9UatdFHCU4gmM4BRcuoQa3UIcmEMjhGV7hzXqyXqx362PWumQVMwfwB9bnD1lFljs=</latexit>
E
F / 
<latexit sha1_base64="4QebHauq0ft5 MfwdKaZDIim1ISM=">AAAB8XicbVDJSgNBEK2JW4xb1KOXxiB4ijMi6DG44TGCWTAZ Qk+nJmnS0zN09whhyF948aCIV//Gm39jZzlo4oOCx3tVVNULEsG1cd1vJ7e0vLK6ll8 vbGxube8Ud/fqOk4VwxqLRayaAdUouMSa4UZgM1FIo0BgIxhcjf3GEyrNY/lghgn6Ee 1JHnJGjZUebzq3J+1rFIZ2iiW37E5AFok3IyWYodopfrW7MUsjlIYJqnXLcxPjZ1QZ zgSOCu1UY0LZgPawZamkEWo/m1w8IkdW6ZIwVrakIRP190RGI62HUWA7I2r6et4bi/9 5rdSEF37GZZIalGy6KEwFMTEZv0+6XCEzYmgJZYrbWwnrU0WZsSEVbAje/MuLpH5a9 tyyd39WqlzO4sjDARzCMXhwDhW4gyrUgIGEZ3iFN0c7L8678zFtzTmzmX34A+fzB6a7 kD0=</latexit><latexit sha1_base64="4QebHauq0ft5 MfwdKaZDIim1ISM=">AAAB8XicbVDJSgNBEK2JW4xb1KOXxiB4ijMi6DG44TGCWTAZ Qk+nJmnS0zN09whhyF948aCIV//Gm39jZzlo4oOCx3tVVNULEsG1cd1vJ7e0vLK6ll8 vbGxube8Ud/fqOk4VwxqLRayaAdUouMSa4UZgM1FIo0BgIxhcjf3GEyrNY/lghgn6Ee 1JHnJGjZUebzq3J+1rFIZ2iiW37E5AFok3IyWYodopfrW7MUsjlIYJqnXLcxPjZ1QZ zgSOCu1UY0LZgPawZamkEWo/m1w8IkdW6ZIwVrakIRP190RGI62HUWA7I2r6et4bi/9 5rdSEF37GZZIalGy6KEwFMTEZv0+6XCEzYmgJZYrbWwnrU0WZsSEVbAje/MuLpH5a9 tyyd39WqlzO4sjDARzCMXhwDhW4gyrUgIGEZ3iFN0c7L8678zFtzTmzmX34A+fzB6a7 kD0=</latexit><latexit sha1_base64="4QebHauq0ft5 MfwdKaZDIim1ISM=">AAAB8XicbVDJSgNBEK2JW4xb1KOXxiB4ijMi6DG44TGCWTAZ Qk+nJmnS0zN09whhyF948aCIV//Gm39jZzlo4oOCx3tVVNULEsG1cd1vJ7e0vLK6ll8 vbGxube8Ud/fqOk4VwxqLRayaAdUouMSa4UZgM1FIo0BgIxhcjf3GEyrNY/lghgn6Ee 1JHnJGjZUebzq3J+1rFIZ2iiW37E5AFok3IyWYodopfrW7MUsjlIYJqnXLcxPjZ1QZ zgSOCu1UY0LZgPawZamkEWo/m1w8IkdW6ZIwVrakIRP190RGI62HUWA7I2r6et4bi/9 5rdSEF37GZZIalGy6KEwFMTEZv0+6XCEzYmgJZYrbWwnrU0WZsSEVbAje/MuLpH5a9 tyyd39WqlzO4sjDARzCMXhwDhW4gyrUgIGEZ3iFN0c7L8678zFtzTmzmX34A+fzB6a7 kD0=</latexit><latexit sha1_base64="4QebHauq0ft5 MfwdKaZDIim1ISM=">AAAB8XicbVDJSgNBEK2JW4xb1KOXxiB4ijMi6DG44TGCWTAZ Qk+nJmnS0zN09whhyF948aCIV//Gm39jZzlo4oOCx3tVVNULEsG1cd1vJ7e0vLK6ll8 vbGxube8Ud/fqOk4VwxqLRayaAdUouMSa4UZgM1FIo0BgIxhcjf3GEyrNY/lghgn6Ee 1JHnJGjZUebzq3J+1rFIZ2iiW37E5AFok3IyWYodopfrW7MUsjlIYJqnXLcxPjZ1QZ zgSOCu1UY0LZgPawZamkEWo/m1w8IkdW6ZIwVrakIRP190RGI62HUWA7I2r6et4bi/9 5rdSEF37GZZIalGy6KEwFMTEZv0+6XCEzYmgJZYrbWwnrU0WZsSEVbAje/MuLpH5a9 tyyd39WqlzO4sjDARzCMXhwDhW4gyrUgIGEZ3iFN0c7L8678zFtzTmzmX34A+fzB6a7 kD0=</latexit>
FIG. 4. (Color online) Variation in the SOT (scaled by
τ0 = 2eE‖∆S0/~) with the magnetization of the FM layer
for various values of the Fermi energy of the TI thin film. For
smaller Fermi energies (EF /∆ . 1), the SOT vanishes for the
range of magnetic exchange energies gm/2 ≡ vFκ, where the
Fermi level lies inside a gap, and then starts to increase in a
nonlinear manner above a certain value. At higher energies,
the nonlinearity becomes negligible.
the local coordinates such that the in-plane magnetiza-
tion aligns in the +xˆ direction, as shown in Fig. 1, one
can use the above results for the spin-current response
functions and obtain the SOT as follows:
τSOT,ζ = −ζge~ mζ ·E Syx zˆ. (11)
Note that Syx is a function of the magnetizations due to
the momentum shift κ, i.e., Syx = Syx(
∑
ζ′ mζ′). This
result is in agreement with the general form of the Rashba
SOT in two-dimensional systems, especially when only
in-plane magnetization is considered [58, 59]. Neverthe-
less, the explicit form of the magnetization dependence is
particularly different from those obtained in bulk TI/FM
systems when the bandgap is opened by the out-of-plane
component of the magnetization due to TRS breaking
[18].
The variation in the SOT with the magnetization and
Fermi energy is shown in Fig. 4. As an important finding,
we see that for sufficiently small Fermi energies EF . ∆,
the SOT nonlinearly varies with the magnetization direc-
tion mζ , which is a direct consequence of the dependence
of Syx on κ. Therefore, the results of Fig. 4 reveal that
the SOT in the TI thin film can be magnetoelectrically
tailored, which means that one can substantially tune
the SOT and magnetic dynamics by changing both the
equilibrium magnetization (its amplitude and angle) and
the chemical potential via a gate voltage. This result in-
dicates further advantageous features of FM/TI systems
for spintronics and magnetization reversal applications,
particularly in comparison with recent elaborate propos-
als [60, 61].
The particular advantage of a TI thin film depends on
the interplay of the in-plane magnetization and the sur-
face state hybridization as a unique characteristic of TI
thin films, which is manifested in the built-in anisotropy
and nonlinearity of the SOT given by Eq. (11). In
view of the experimental progress in the measurement of
the SOT in FM/TI systems and in the growing of high-
quality thin films with a feasible hybridization of surface
states, our findings should be experimentally accessible.
Importantly, similar to the AMR results, the SOT ex-
hibits a significant behavioral change when the Fermi
energy moves from the energy gap into the first conduc-
tion/valence subbands or reaches the edge of the second
conduction/valence bands, suggesting that the bandgap
and band splitting can be inferred from the Fermi energy
dependence of the SOT.
Conclusions.— In this work, we have proposed the idea
of magnetoelectrical control of the SOTs in TI thin films
sandwiched by FM layers. The physics underlying this
proposal is the interplay between the exchange coupling
to the in-plane magnetized adlayers and the overlap be-
tween the surface states, which lifts the degeneracy and
causes anisotropy in the energy bands. As a consequence,
the current-induced nonequilibrium spin densities in the
thin films can significantly change with both the strength
and direction of the magnetization of the adjacent FM
layer. We further predict a giant AMR in the quasibal-
listic limit, which diminishes for thick TI structures with
negligible hybridization of the surface states. Combined
with the fact that the spin densities depend on the doping
of the TI thin films, the resulting SOT can be efficiently
controlled by magnetoelectrical means.
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In this Supplemental Material, we provide more details on the analytical results on the projection
operators which is used to find the zeroth order Green’s function as well as level broadening due to
disorder. Then for the special case of vanishing magnetization, we present the explicit and analytical
derivation of the level broadening function, the Green’s function and finally the Edelstein response.
I. GENERAL CASE (κ 6= 0)
A. Eigenstates and projection operator
Considering the Hamiltonian,
H = vF τz ⊗ (zˆ × σ) · (p− τzκ) + ∆τx ⊗ σ0, (1)
for the TI thin film at the presence of the magnetic
momentum-shift κ = κxˆ, we find four sets of eigenvectors
|ψν,η(p)〉 given by,
|ψν,η(p)〉 = 1√
2 + 2e2ηξ

eiθη
−ν
νηeηξ
−ηeηξ+iθη
 , (2)
which correspond to the four energy bands εν,η =
ν[v2F p
2
x + (vFκ ±
√
v2F p
2
y + ∆
2)2]1/2. Here we have
sinh ξ = vF py/∆, sin θη = −vF px/ε+,η(p) and each in-
dex (ν and η) takes two possible values of ±1. Now we
can immediately obtain the four projection operator cor-
responding to each eigenstate, as the following:
Pˆν,η = −1
2(e−ξ + eξ)
×

−e−ηξ νeiθη−ηξ −νηeiθη η
νe−ηξ−iθη −e−ηξ η −νηe−iθη
−νηe−iθη η −eηξ νeηξ−iθη
η −νηeiθη νeηξ+iθη −eηξ
 , (3)
We can divide this expression into two parts denoted
as Pˆ(even)ν,η (p) and Pˆ(odd)ν,η (p): the first one includes all
the terms which are even with respect to both momenta
(px and py), but the second one includes the remain-
ders which are odd at least with respect to either px or
py. The significance of this decomposition underlies in
the fact that only Pˆ(even)ν,η (p) yield nonvanishing result
upon integration over p, especially for calculating the
level broadening function Γω. By direct inspection and
noting that ξ and θη change sign under p→ −p, we ob-
tain the following expressions for the even and odd parts
of the projection operators,
Pˆ(even)ν,η (p) =
1
4
 1 −ν cos θη νη sechξ cos θη −η sechξ−ν cos θη 1 −η sechξ νη sechξ cos θηνη sechξ cos θη −η sechξ 1 −ν cos θη
−η sechξ νη sechξ cos θη −ν cos θη 1
 , (4)
Pˆ(odd)ν,η (p) =
ν
4

−νη tanh ξ η tanh ξeiθη − i sin θη iη sechξ sin θη 0
η tanh ξe−iθη + i sin θη −νη tanh ξ 0 −iη sechξ sin θη
−iη sechξ sin θη 0 νη tanh ξ i sin θη − η tanh ξe−iθη
0 iη sechξ sin θη η tanh ξe
iθη + i sin θη νη tanh ξ
 . (5)
Using the Pauli matrices σi and τi we can readily re-write
the above expressions in the forms presented in the main
text.
B. Level broadening and spectral function
To illustrate the influence of impurity-induced level
broadening besides the band structure of the system, Fig.
1 shows the results of numerical evaluation of the spectral
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FIG. 1. (Color online) Spectral function of the TI thin film
coupled to FM layers with in-plane magnetization and at the
presence of disorder. (a), (b) show the spectral function for
magnetic momentum-shift of vFκ/∆ = 0.5 and (c), (d) are
corresponding results for vFκ/∆ = 1. Left and right pan-
els illustrate dependence on px and py, by setting py = 0
and px = 0, respectively. Here we are using an arbitrary unit
scale where the maximum of A(p, ω) is always scaled to unity.
The dimensionless impurity scattering parameter which con-
trol the level broadening width is γ = 0.1.
function A(p, ω) = =TrGˆRω (p) for two different values of
magnetic momentum-shift κ.
II. ANALYTICAL RESULTS FOR κ = 0
A. Level broadening function for κ = 0
In the absence of magnetic momentum shift κ
the energy bands becomes degenerate as εη=±(p) =
ε(p) =
√
v2F |p|2 + ∆2 and the relations of angles θ±
turn to sin θη|κ=0 = −vF px/ε(p) and cos θη|κ=0 =
η
√
v2F p
2
y + ∆
2/ε(p). So due to the irrelevance of the in-
dex η in the energies, we can perform a summation over
this index inside the projection operator which has been
decomposed as,
P(even)ν,η (p) =
1
4
[τ0σ0 − ν cos θητ0σx
− η sech ξ (τxσx − ν cos θητxσ0)], (6)
P(odd)ν,η (p) =
1
4
[ν sin θητzσy − νη sech ξ sin θητyσz
− η tanh ξ (τzσ0 − ν cos θητzσx + ν sin θητ0σy)], (7)
Then summing over η drops off the terms which are odd
with respect to it and we obtain∑
η
P(even)ν,η (p) =
1
2
(τ0σ0 + νη sech ξ cos θητxσ0)
=
1
2
(τ0 +
∆
νε(p)
τx)σ0 (8)∑
η
P(odd)ν,η (p) =
ν
2
(sin θητzσy + η tanh ξ cos θητzσx)
=
vF
2
τz
pyσx − pxσy
νε(p)
, (9)
By plugging this result in the general relation of level
broadening function, it can be obtained as what follows:
Γω= −γ
pi
∫
v2F d
2p
∑
ν,η
δ[ω − νεη(p)]<Pˆν,η(p),
= − γ
2pi
∫
v2F d
2p
∑
ν
δ[ω − νε(p)]
(
τ0 +
∆τx
νε(p)
)
σ0
= −γ
∫ ∞
0
εdε
∑
ν
δ(ω − νε)
(
τ0σ0 +
∆τxσ0
νε
)
= −γ|ω|
(
τ0σ0 +
∆
ω
τxσ0
)
, (10)
which is the result presented in the main text. In pass-
ing from the second to the third line of the expression,
we have used the polar representation as d2p = pdpdφp
and then implemented a variable change p → ε =√
v2F p
2 + ∆2
B. Green’s functions for κ = 0
The bare Green’s function of TI thin film in the ab-
sence of magnetic terms (κ = 0) can be deduced using
Eqs. (8) and (9) for the projection operator, yielding
GˆR0ω(p) =
1
ω ± i0+ − Hˆ =
∑
ν
∑
η Pˆν,η(p)
ω ± i0+ − νε(p)
=
∑
ν
[νε(p)τ0 + ∆τx]σ0 + vF τz(pyσx − pxσy)
2νε(p)[ω + i0+ − νε(p)] . (11)
From the last result we define the following bare Green’s
function
G0,ω =
ω + vF τz(zˆ × σ) · p + ∆τxσ0
ω2 − v2F |p|2 −∆2
, (12)
from which the retarded and advanced Green’s functions
can be obtained using
GR,Aω = G0,ω[ω → ω˜R,A,∆→ ∆˜R,A], (13)
and substitution of ω and ∆ with ω˜R,A = ω[1∓iγsgn(ω)]
and ∆˜ = ∆[1 ± iγsgn(ω)] respectively, to accommodate
3the self-energy terms (10). Assuming ω > 0 the impurity-
averaged Green’s functions read,
GR,Aω =
ω(1∓ iγ) + vF τz(zˆ × σ) · p + ∆(1± iγ)τxσ0
ω2(1∓ iγ)2 − v2F |p|2 −∆2(1± iγ)2
,(14)
For ω < 0 above results can be still used by changing the
sign of γ as well.
C. The spin-current response for κ = 0
Now after some algebra using the expressions (14), the
integrand of the Kubo formula for the Fermi level contri-
bution in the Edelstein response function is found as,
Ξxy,ζ ≡ Tr
[
sˆx,ζGˆ
R
ε vˆy(Gˆ
R
ε − GˆAε )
]
= 4ζvF γ
(
v2F |p|2 −Q∗
)K − 4iv2F p2y (∆2 + ε2)
(v2F |p|2 −Q∗)2 (v2F |p|2 −Q)
= 4ζvF γ
[ K
(v2F |p|2 −Q∗) (v2F |p|2 −Q)
− 4iv
2
F p
2
y
(
∆2 + ε2
) (
v2F |p|2 −Q
)
(v2F |p|2 −Q∗)2 (v2F |p|2 −Q)2
]
, (15)
with parameters K = (γ + i)∆2 − (γ − i)ε2 and Q =
(γ + i)2∆2 − (γ − i)2ε2. Then the real part of the above
expression which we need, reads
<Ξxy,ζ= 4ζvF γ
[ <K
(v2F |p|2 −Q∗) (v2F |p|2 −Q)
− 4v
2
F p
2
y
(
∆2 + ε2
)=Q
(v2F |p|2 −Q∗)2 (v2F |p|2 −Q)2
]
= 4ζvF γ
2
[
(∆2 − ε2)
(v2F |p|2 −Q∗) (v2F |p|2 −Q)
− 8v
2
F p
2
y
(
∆2 + ε2
)2
(v2F |p|2 −Q∗)2 (v2F |p|2 −Q)2
]
. (16)
Before we proceed we note that above expression is even
with respect to γ and therefore, it can be safely used for
the case of negative energies without any caution since
the aforementioned sign change of γ to obtain the result
for negative ε has no effect whatsoever. Now assuming
zero temperature, the Edelstein response function can be
written as
SIxy,ζ |ε = −
∫
d2p
(2pi)3
<Ξxy,ζ
= 4ζγ2
∫
EdEdϕ
(2pi)3vF
[
(ε2 −∆2)
(E2 −Q∗) (E2 −Q)
+
8E2 cos2 ϕ(∆2 + ε2)2
(E2 −Q∗)2 (E2 −Q)2 ] , (17)
where in the second line the integration variable is de-
composed in polar coordinates and E = vF |p|. Then we
can decompose the two terms inside the integrand versus
their basic rational expressions as
1
(E2 −Q∗) (E2 −Q)
=
1
(Q−Q∗)
(
1
E2 −Q −
1
E2 −Q∗
)
, (18)
and
E2
(E2 −Q∗)2 (E2 −Q)2
=
1
(Q−Q∗)2
[
Q
(E2 −Q)2 +
Q∗
(E2 −Q∗)2
]
− (Q+Q
∗)
(Q−Q∗)3
(
1
E2 −Q −
1
E2 −Q∗
)
, (19)
whose integral over E can be easily performed. Conse-
quently, we obtain the following result
SIxy,ζ |ε =
4ζγ2
(2pi)2vF
{
1
4γ2
+
ε2 −∆2
ε2 + ∆2
× 1 + γ
2
16iγ3
[− log(−Q) + log(−Q∗)]
}
=
ζ
(2pi)2vF
[
1− ε
2 −∆2
ε2 + ∆2
1 + γ2
2γ
Arg(−Q)
]
,(20)
with Arg(z) indicating the argument of the complex num-
ber z. The final result obtained above is identical to one
presented in the main text.
